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ABSTRACT: We analyze the possibility of strain-induced segregation in
bimetallic multiply twinned particles by an analytic first-order expansion within
a continuum model. The results indicate that while the change in free energy
may be small, there will be a noticeable segregation of larger atoms to the
external surface and smaller ones to the core, which could have interesting
effects when such nanoparticles are used as heterogeneous catalysts.

Bimetallic nanoparticles have received substantial attention
in recent years. A considerable number of experimental

and theoretical studies have shown that their unique optical,1−3

electrical,3,4 and catalytic5−7 properties not only depend on
size8−11 but also the composition distribution in the bimetallic
nanoparticles.2,3,12 The structures of bimetallic nanoparticles
are more complicated due to their one additional degree of
freedomcomposition. They can be phase separated, such as
in core−shell13,14 and Janus15,16 structures, or alloys where the
two elements are randomly mixed.17−19

Many numerical simulation approaches, such as density
functional theory (DFT), Monte Carlo simulation using
empirical/semiempirical potentials including second-moment
approximation tight binding (SMATB) potentials, and
embedded atom potentials (EAM) have been used to analyze
the segregation of alloy nanoparticles with fixed shapes for a
limited number of atoms.20−28 Regardless of the empirical
potential or the particle structure approximation, the pure
numerical calculations can be very accurate for specific cases,
but it is hard to impossible in most cases to extract the trends as
a function of composition, temperature, size, and other
parameters. Here, analytical models are more powerful. For
instance, an analytical alloy Wulff construction model
developed by Ringe et al.29 to predict the surface segregation
and equilibrium shape of single-crystalline bimetallic nano-
particles using thermodynamics as a function of composition
showed the importance of a bulk starvation energy that arises
when atoms segregate to the surface, something that was
otherwise not apparent. For completeness, we note that this
model was only for one temperature, a point that we will return
to later.
In many cases, nanoparticles are not single crystals but

instead multiply twinned particles (MTPs) containing twin
boundaries with the decahedral MTPs (Dh) containing 5

single-crystal segments and the icosahedral MTPs (Ic)
containing 20. In both cases, the single-crystal segments are
not completely space-filling; therefore, there are some internal
distortions present.30,31 These internal strains have been
considered in several ways. Bagley32 and Yang33 were the first
to suggest a structure transformation from face-centered cubic
(FCC) to body-centered orthorhombic structure, but this view
is no longer considered to be correct. While the leading strain
term is the homogeneous strain as first analyzed by Ino,34 the
proper description for both is via classic Volterra disclinations35

as first pointed out by de Wit.30 Marks, Howie, and Yoffe36

further analyzed the inhomogeneous strain in both decahedral
and icosahedral particles, giving an approximate solution for the
latter. More recent finite element analysis (FEA) calculation by
Patala et al.37 has shown the nonuniform elastic strain
distribution in decahedral particles, something also recently
seen in larger-scale molecular dynamics calculations38 as well as
earlier atomistic papers.39 While the hypothesis that there could
be segregation and/or impurities connected to the large strains
in MTPs exists in the unpublished literature, to our knowledge,
there has not been any detailed analytical analysis of this to
date.
In this Letter, we show that elastic strains induce segregation

inside of bimetallic MTPs and derive an analytic solution of the
composition distribution in thermal equilibrium. We also show
that the degree of segregation depends on strain, temperature,
as well as the homogeneous concentration.
To start, we need to briefly describe the strain in MTPs,

which drives segregation. Considering first the Dh, after joining
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the five single-crystalline units together along a [110] axis, a
positive wedge disclination with a 7°20′ solid angle deficiency is
created. The plane-strain solution for a Dh treated as a cylinder
was first given by de Wit,30 which is used as an approximation
in this note. The strains in cylindrical coordinates are
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where υ is the Poisson’s ratio, r is the 2D radial vector, R is the
radius of the Dh, and εD is the strain of the Dh, which is
0.0205.31

For an Ic, the particle can be approximated as an elastic
sphere with radial distortions. An approximation for the strains
by Yoffe, Howie, and Marks in spherical coordinates is31
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where r is the 3D radial position, R is the radius of the Ic, and εI
is the strain of the Ic, which is 0.0615.31

Patala et al.37 recently computed the elastic strain energy
using FEA for Dh and Ic and compared them with the these
approximations.31 The strain energy of Dh is approximately
0.75 times the plane strain result, and for Ic, it is about 1.45
times that of eqs 3 and 4.
We consider here the case where the local bulk concentration

in a bimetallic MTP varies as a function of position r. A first-
order perturbation approximation is used, which assumes that
the local strain from the disclination does not change, and there
is an additional energy term arising from a local expansion or
contraction as any segregation is assumed to be equivalent to a
local lattice expansion or contraction. Cottrell and Bilby (1949)
used the same approximation to estimate the energy change
arising from interstitial carbon solute atoms around a
dislocation line in α-iron.40 The change in strain energy is then
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where K is the bulk modulus, Δ the cubic dilatation, Ci the local
concentration of element i, a(Ci) the local lattice parameter, aH
the lattice parameter at the homogeneous concentration and
(a(Ci)

3 − aH
3)/aH

3 the local expansion or contraction. This
change in energy term is analogous to a PdV term.
For a binary system, segregation also changes the configura-

tional entropy, ΔSmix = Sseg − So, where Sseg is the
configurational entropy after segregation and So the entropy
before segregation, that is, the entropy of the solid solution
when the composition is homogeneous. We assume that the
bimetallic system is an ideal binary solid solution; hence, the
change in free energy from the entropy of mixing is
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where n is the number of atoms in a unit cell, which is 4 for
FCC metals, x(r) is the local concentration of element i, and
CH is the homogeneous bulk concentration of element i.
The total change in energy is the sum E = EStrain + EEntropy,

which is a function of position r and the local bulk
concentration x(r). To obtain the most stable configuration,
we minimize the total change in energy E(r,x) with respect to
x(r), which is solved by a calculus of variation method (see the
Supporting Information).
The solution for the local bulk concentration has a Fermi−

Dirac-like distribution
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where k is Boltzmann’s constant; C = −(3K/4)aj2(ai − aj),
which is a constant; and μ is the chemical potential of species i,
which can be solved numerically by applying a mass
conservation constraint. The composition distribution of
element i is analogous to the distribution of point defects
around a dislocation line (Cottrell atmosphere),40 caused by
the elastic strain field around the dislocation; see also ref 41 for
a more recent overview.
Of course, in many cases, the solid solution of two metals is

not ideal, that is, the interactions between i−i, j−j, and i−j are
not identical. A regular solution model can be considered by
adding an additional enthalpy of mixing term, Ωx(r)(1 − x(r)),
where Ω can be either positive or negative, depending on the
systems. By introducing this term into the calculations, no
simple analytical solution can be obtained, and the composition
profile has to be calculated numerically. A detailed derivation is
given in the Supporting Information. Here, we present a
system-independent analytical solution of the simplest possible
ideal solution model in order to investigate the general trends.
The assumption that the local strain remains constant is only

valid for systems that have two elements with small lattice
mismatch. The lattice parameter for Au and Ag are 4.0782 and
4.0853 Å, respectively, and they have a lattice mismatch of
0.17%. Therefore, the Ag−Au alloy case will be used as an
example here.
The bulk modulus and Poisson’s ratio used for Au−Ag alloys

with different Au homogeneous concentration are obtained by
fitting the elastic modulus at different Au concentrations42 for
the Au−Ag alloy from the literature with a quadratic function.
The elastic modulus and the fitted plot for the bulk modulus
and Poisson’s ratio are provided in the Supporting Information.
It is noted that the elastic modulus has a slight increase of 5−
10% when the particle is small,43 which could be added as an
additional size-dependent term. The lattice parameters are
assumed to vary linearly between Au and Ag.
In Figure 1, we calculated the total change in energy as well

as the contributions from both the strain and entropy of mixing
as a function of Au homogeneous concentration for a Dh with a
radius of 5 nm and a thickness of 3 nm at 300 and 1000K,
respectively. The total energy change is small. The entropy of
mixing always favors mixing of atoms; therefore, the segregation
inside of a particle always results in an increase of free energy,
neglecting the strain term. However, the change in strain
energy from segregation dominates, and the net change in
energy is negative at thermal equilibrium. As the temperature
increases, the energy contribution from the entropy of mixing
increases linearly with absolute temperature T (in Kelvin),
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ignoring differential thermal expansion. As a result, the
segregation is less significant at higher temperature.
In contrast to the energy change, the compositional change

may be significant, as shown in Figure 2, for the strain-induced

segregation in Dh and Ic with a Au homogeneous
concentration of 0.3 at different temperatures as well as
chemical potentials. The chemical potentials of Au as a function
of homogeneous Au concentration at various temperatures
were calculated and are included in the Supporting
Information. The elastic strain energy in Ic is 1 order of
magnitude larger than the elastic strain energy in Dh. As a
consequence, the segregation in Ic is more significant than the
segregation in Dh.
To illustrate the degree of Au segregation inside of a MTP,

the variance of local Au concentration was taken and integrated
over the whole particle; the degree of Au segregation is
expressed as the square root of the ratio between the integrated
variance and the total volume of the MTP as

∫
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In Figure 3, the degrees of segregation at high temperature
(1000 K) and room temperature (300 K) as a function of Au

homogeneous concentration for Dh (r = 5 nm, thickness = 3
nm) and Ic (r = 5 nm) are compared. The degree of
segregation is proportional to the change in energy from the
segregation.
The elastic strain fields in bimetallic MTPs drive atoms with

a smaller lattice parameter to segregate toward the center of the
particles and larger atoms to the surface, therefore creating
inhomogeneities inside of bimetallic MTPs. At low temper-
ature, the segregation is more significant; at higher temperature,
the contribution from the entropy of mixing drives the bulk
composition toward homogeneity. It is straightforward that
temperature will have a similar effect on segregation to surfaces
both within an alloy Wulff construction29 or with MTPs. Ic,
with higher solid angle deficiency, have a higher degree of
segregation than Dh particles.
There is some experimental evidence in support of the

analysis above. High-resolution electron microscopy studies
have been used to target understanding the segregation
behavior in bimetallic nanoparticles with different shapes or
structures at the atomic scale.18,44−47 Some recent experimental
studies of Fe−Pt Ic nanoparticles have shown that Pt segregates
toward the surface,48,49 consistent with our prediction; other
work for Dh has not observed segregation.50 For completeness,
it should be mentioned that there can also be ordered phases in
these particles where the ordered phase is thermodynamically
more stable at certain composition ratios. For instance, L10
ordered structures were observed via high-angle annular dark
field (HAADF) aberration-corrected STEM in both single-
crystal and multiply twinned FePt particles after annealing,50,51

consistent with DFT52 and Monte Carlo53,54 calculations.
These L10 ordered structures are formed at high temperature,
usually via a postannealing process,51,55 when we predict
segregation effects to be minimal. In the above analysis, the
alloy phase was assumed to be the most stable phase, which is
not always the case. More work is needed.

Figure 1. Change in energy of a Dh (5 nm in radius, 3 nm in
thickness) as a function of homogeneous (initial) Au concentration at
different temperatures.

Figure 2. Temperature-dependent segregation inside of Dh and Ic
bimetallic nanoparticles. The local Au concentration is plotted as a
function of radius, where 0 represents the center of the particle. Dh
particles (5 nm in radius with 3 nm thickness) are estimated as an
elastic cylinder that only has plane strain. Ic particles (5 nm in radius)
are estimated as an elastic sphere that has radial strains.

Figure 3. Degree of segregation of Dh and Ic as a function of the Au
homogeneous concentration at different temperatures. The degree of
segregation is linearly related to the change in energy in a particle. Ic
has higher inhomogeneous strains in the particle, which results in a
higher degree of segregation.
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It also should be noted that there are other well-known
factors that affect segregation in bimetallic MTPs, such as
surface energies, size, or charge-transfer-induced ordering.56,57

For the case of Au−Ag, the surface energy change from surface
segregation is approximately 100 eV for a 5 nm Dh, which is
around 4 orders of magnitude larger than the energy gain from
the strain-induced segregation in the bulk (Figure 1). For the Ic
case, the energy change from strain-induced segregation is
around 50 times larger than the case in Dh, which is due to the
higher degree of strain and segregation in an Ic. As shown in eq
5, the strain energy scales as the cube of the size mismatch and
therefore could be a much larger energy contribution in some
cases; for instance, there are known to be some interesting
ordering phenomena in PtFe Dh particles that are related to
stress-relief.50,52 For systems with a large surface energy
difference, the surface-energy-driven segregation will dominate,
but if they are similar, the strain-induced segregation could be
substantial. For instance, in large lattice mismatch alloys, the
stress-driven segregation will dominate if the surface energies
are comparable.
To our knowledge, there are no experimental data yet for a

dominant role for stress-relief-driven segregation in disordered
alloys in the thermodynamic stability of MTPs, but we would
not be surprised if there exist cases where it will occur.
Independent of the energy change, there is still noticeable
segregation taking place, especially in Ics, and this could have a
large effect upon the chemical behavior.
For the large size difference limit, a related phenomenon has

been observed in numerical calculations58−60 that represents an
extreme limit of segregation. Here, phase separation can occur
with the larger atoms on the outside where the stresses are
tensile and the smaller ones on the inside where the stresses are
compressive. While these calculations were for the alloys AgNi,
AgCu, and AgCo, which do not form a continuous solid
solution, it is not impossible that the extreme limit of
segregation to a core−shell structure could occur in miscible
alloys.
There are some very interesting implications for bimetallic

catalysts because strain-induced segregation can either promote
or reduce surface segregation. As mentioned above, besides
systems with small lattice mismatches, such as Pt−Pd, which
follows the formulation derived above, there are many possible
combinations. For instance, for Ag−Pd and Ni−Pt, where there
are larger differences in the atomic radii, the change in strain
energy will be large, which results in a large change in the free
energy and the strain-induced segregation being more
pronounced. We will pose the possibility of designing novel
catalysts to exploit this segregation as an interesting line of
future research.
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